We show that for any even positive integer δ there exist polynomials x and y with integer coefficients such that deg(x) = 2δ, deg(y) = 3δ and deg(x 3 − y 2 ) = δ + 5.
Hall's conjecture asserts that for any ε > 0, there exists a constant c(ε) > 0 such that if x and y are positive integers satisfying x 3 − y 2 = 0, then |x 3 − y 2 | > c(ε)x 1/2−ε . It is known that Hall's conjecture follows from the abc-conjecture. For a stronger version of Hall's conjecture which is equivalent to the abc-conjecture see [3, Ch. 12.5] . Originally, Hall [8] conjectured that there is C > 0 such that |x 3 − y 2 | ≥ C √ x for positive integers x, y with x 3 − y 2 = 0, but this formulation is unlikely to be true. Danilov [4] proved that 0 < |x 3 − y 2 | < 0.97 √ x has infinitely many solutions in positive integers x, y; here 0.97 comes from 54 √ 5/125. For examples with "very small" quotients |x 3 − y 2 |/ √ x, up to 0.021, see [7] and [9] .
It is well known that for non-constant complex polynomials x and y, such that x 3 = y 2 , we have deg(x 3 − y 2 )/ deg(x) > 1/2. More precisely, Davenport [6] proved that for such polynomials the inequality
holds. This statement also follows from Stothers-Mason's abc theorem for polynomials (see, e.g., [10, Ch. 4.7] ). Zannier [12] proved that for any positive integer δ there exist complex polynomials x and y such that deg(x) = 2δ, deg(y) = 3δ and x, y satisfy the equality in Davenport's bound (1) . In his previous paper [11] , he related the existence of such examples with coverings of the Riemann sphere, unramified except above 0, 1 and ∞.
It is natural to ask whether examples with the equality in (1) exist for polynomials with integer (rational) coefficients. Such examples are known only for δ = 1, 2, 3, 4, 5 (see [1, 7] ). The first example for δ = 5 was found by Birch, Chowla, Hall and Schinzel [2] . It is given by In these examples we have
and it seems that no examples of polynomials with integer coefficients, satisfying x 3 − y 2 = 0 and deg(x 3 − y 2 )/ deg(x) < 0.6, were published until now.
In this note we will show the following result.
Theorem 1 For any ε > 0 there exist polynomials x and y with integer coefficients such that x 3 = y 2 and deg(
More precisely, for any even positive integer δ there exist polynomials x and y with integer coefficients such that deg(x) = 2δ, deg(y) = 3δ and deg(x 3 − y 2 ) = δ + 5.
As an immediate corollary we obtain a nontrivial lower bound for the number of integer solutions to the inequality |x 3 − y 2 | < x 1/2+ε with 1 ≤ x ≤ N (heuristically, it is expected that this number is around N ε ).
Corollary 1 For any ε > 0 and positive integer N by S(ε, N ) we denote the number of integers x, 1 ≤ x ≤ N , for which there exists an integer y such that 0 < |x 3 − y 2 | < x 1/2+ε . Then we have
Indeed, take δ to be the smallest even integer greater that 5/(2ε), so that 5/(2ε) < δ < 5/(2ε) + 2, and take x = x(t), y = y(t) as in Theorem 1. Then for sufficiently large t we have x = O(t 2δ ) and
Here is an explicit example which improves the quotient deg(x 3 −y 2 )/ deg(x) = 0.6 from the above mentioned examples by Birch, Chowla, Hall, Schinzel and Elkies, as deg(x 3 − y 2 )/ deg(x) = 31/52 = 0.5961... : Now we describe the general construction. Let us define the binary recursive sequence by
Thus, for m ≥ 2, a m is a polynomial in variable t, of degree m. Put u = a k−1 and v = a k for an odd positive integer k ≥ 3. We search for examples with
Therefore, we may take
with unknown coefficients a, b, c, . . . , n, which will be determined so that in the expression for x 3 − y 2 the coefficients with v 6 , uv 5 , v 5 , . . . , v 2 , uv are equal to 0. We find the following (polynomial) solution:
Using (2), it is easy to check that we have
Therefore, deg(x) = 2k − 2 and deg(
which tends to 1/2 when k tends to infinity. The above explicit example corresponds to k = 27.
Comparing with Davenport's bound, our polynomial x and y satisfy deg(
Thus, although our examples (x, y) do not give the equality in Davenport's bound (1), they are very close to the best possible result for deg(x 3 − y 2 ), and it seems that this is the first known result of the form that deg(
is bounded by an absolute constant, for polynomials x, y with integer coefficients and arbitrarily large degrees.
Since (t 2 + 1) divides a m for all m, it could be noted that (t 2 + 1) divides x and (t 2 + 1) 2 divides y. Hence, with x = (t 2 + 1)X and y = (
. This shows that the only branch points of the rational function x 3 /y 2 are 0, 1 and ∞, which is in agreement with the results of Zannier [11, 12] .
Let us give an interpretation of our result in terms of polynomial Pell's equations. Following a suggestion by N. Elkies, we put v − tu = (t 2 + 1)z. Then the expressions of x and x 3 − y 2 simplify considerably, and we get x = (t 2 + 1)(z 2 + 6z + 4), x 3 − y 2 = −27(t 2 + 1) 3 (2z + 11) which gives y 2 = (t 2 + 1) 3 (z 2 + 1)(z 2 + 9z + 19) 2 . Thus, we need that
The fundamental solution of Pell's equation (3) is (z, w) = (t, 1). Taking t = z, we obtain the identity
which is equivalent to Danilov's example [4] (and by taking z 2 +1 = 5w 2 and 2z +11 ≡ 0 (mod 125), we get a well-known sequence of numerical examples with |x 3 − y 2 | < √ x).
However, if we consider (3) as a polynomial Pell's equation (in variable t), we obtain the sequence of solutions
This gives exactly the sequences of polynomials x and y, as given above. 
he proved that if the Pellian equation u 2 − 81Av 2 = −2 has a solution, then the inequality |x 4 − Ay 2 | < 4 27 |x| has infinitely many integer solutions x, y. By applying a similar construction, as above, to Danilov's formula (4), we obtain the sequences x k and y k of polynomials in variable t with deg(x k ) = 2k + 1, deg(y k ) = 4k and deg(x 4 − (t 2 + 2)y 2 ) = deg(x) = 2k + 1. For example, for k = 3 we have 
